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Abstract

In this paper, we study p-ideals of a p-algebra. We prove that epimorphic image of a p-ideal is a p-
ideal. Our main result is that the lattice of p-ideals of a p-algebra L is isomorphic to the lattice of

ideals of the Boolean algebra formed by the closed elements of L.
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1. Introduction

An algebra L = (L; A, V,*,0,1) of type (2,2,1,0,0) is
called a p-algebra if

(i) L=<(L;A, Vv,0,1)isabounded lattice, and
(if) foralla € L, x < a” ifand only if

xNa=0.

The bounded lattice L =(L;A, V,0,1)is called the
underlying lattice of L and the element a* is called the
pseudocomplement of a. We refer the reader to [4, 5, 6,
7] for p-algebras.

The following well known identities (see [1, 2, 3, 4, 7])
are used throughout this paper.

(1) a < bimpliesb* < a*.
2)a< a.

@) a* = a™.

(4)(av b)* =a*Ab".

(B5) (aAb)”™ =a™ Ab*™.
B)an(anb) =aAb.

Let L and M be two lattices. A mapping f:L - M is
called a lattice homomorphism if for all x,y € L,

fxnAy)=f)A f(¥)
and
fxvy)=f)Vv f).

Let L and M be two p-algebras. A lattice
homomorphism f:L — M is called a homomor phism if
forallx € L,
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pseudocomplemented lattice, ideal, filter,

f(x*) = f(x)*, f(0O)=0and f(1) = 1.

A onto (lattice) homomorphism f:L — M is called an
(lattice)  epimorphism.  For, *-homomorphism of
semilattices we refer the reader to Blyth [1].

In section 2, we discuss epimorphic image of an ideal of
a lattice. We show that lattice epimorphic image of an
ideal is an ideal. We also show that lattice epimorphism
preserves the operation A and Vv in the lattice of ideals.

In Section 3, we discuss epimorphic image of p- ideals
of a p-algebra. We show that epimorphic image of a p-
ideal is a p-ideal. We also show that epimorphism
preserves the operation A and ¥ in the lattice of p-ideals.

In Section 4, we define an induced epimorphism. We
show that if f:L — M is an epimorphism, then there is
an epimorphism from [*(L) to I*(M) if and only if kerf
is a principal ideal, and the p-algebra Ir (L) of p-ideals
containing kerf is isomorphic to Iz (M). We also show
that for any p-algebra L, I*(L) = I(S(L)).

2. Epimorphic Image of an Ideal

Let L be a p-algebra. A non-empty subset I of L is
called an ideal of L if

(i) a€elandb €L withb <aimpliesh €1
(ii) a,b €I impliessavb el

The set of all ideals of L is denoted by I(L). Not every
homomorphic image of an ideal is an ideal.

Now we have the following result.

Lemma 2.1. Lattice epimorphic image of an ideal is an
ideal.



Proof. Let f: L — M be an epimorphism and let I be an
ideal of L. Let x € f(I) and y € M such that y < «x.
Then there is i € [ and t € L such that x = f(i) and
y = f(t). This implies

y=yAx=fOAN@D= fEAde f().
Now let f(x), f(y) € f(). Then
fVy) = flxvy) e fD.
Hence f(I) is an ideal of M. O
Now we have the following result.

Lemma 2.2. Let f:L —» M be a lattice epimorphism.
Then forany I,] € I(L),

@fUnp=fOn fU
(b) fFaAv = fOv Q.

Proof. (3) Let x € f(I) n f(J). Then x = f(i) = f(j)
forsomeielandje]. Thusx=f(OAfG)=f(EA

j). So x € f(INn J). Hence f(D) N f(J) < fUn ).

The reverse inclusion is obvious.

(b) Let x € f(IV]). Then x = f(y) where y e 1V].
Thisimpliesy < iv jforsomei € landj € J. Hence
x=f<s fGvp=fOVFG

forsome i € I and j € J. This impliesx € f(I) VvV f({J).
Thus f(UVv])< f)V f({J). The reverse inclusion is

trivial. O

3. Epimorphic Image of a P-1deal
Anideal I of L is called a p-ideal of L if
x€ElI=x"€l

The set of all p-ideals of a lattice L is denoted by 1*(L).
Not every homomorphic image of a p-ideal is an ideal.

Now we have the following result.

Theorem 3.1. Every epimorphic image of a p-ideal is a
p-ideal.

Proof. Let f: L — M be an epimorphism and I € I*(L).
Suppose f(x) € f(I)and f(t) < f(x). Then f(t) =
F®OAf(x)= f(tAx) € f(I). Nextlet
fG).f(y) € f(D.Then f(x) v f(y) =
f(xvy)€ f(I). Thus f(I) is an ideal. Again let
fx) e f(). Then f(x)™ = f(x™) € f(I)aslisap-
ideal, x™ € I. Hence f(I) is a p-ideal of M. 0

The set I*(L) forms a p-algebra which is due to [6]. The
p-algebra is denoted by I*(L).

The following result is due to [6].

Theorem 3.2. [*(L) = (I"(L); A, ., ", (0],L) is ap-
algebra, where
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@In]j=1In],
Oy IY]j={x€eLllx< ({i"Aj)

forsome i € I,j € J};
@©I"={xe Ll x*Ai=0foralli € I}.

Moreover, I*(L) is complemented if and only if each
I € I*(L) is a principal ideal. 0

Now we show that epimorphism preserves the A and the
Vv of p-ideals.

Lemma 3.3. If f:L — M is an epimorphism, then for
any l,Jj € I'(L)

@ fUAD)= fDOAFU)
(b) fax¥n=fOYf.
Proof. (a) Obvious.

(b) Letx € f(IVY)]). Then x = f(y) forsome y € [ ¥
J. This implies y < (i*Aj*)* forsome i €I and j € J.
Hence

x < A = (FEIAFGD)
=@ AfM”
for some i€l and je€J. Thus x € f(I) Y f(J) and

hence f(IY]) € f(I) Y f(J). The reverse inclusion is
trivial. (]

Let f:L—-M be an epimorphism. For any AC
M, define

A ={xe Ll f(x) e A}

Theorem 3.4. Let f: L — M be an epimorphism. Then
(@) foranyj € I(M), we have f~1(J) € I(L);

(b) forany J € I*(M), we have f~1(J) € I*(L).

Proof. (a) Let J € I(M). Since f(0) = 0 € J, we have
£ is non-empty. Let x € f~1(J) and ¢ € L with
t < x.Then

f@® = fenx)=fOANfx)< fx) €]

This implies t € f~1(J). Now let x,y € f~1(J). Then
fG), f(y) € J. Thisimplies f(x Vy) = f(x) Vf(¥) €
J.Thus, x vy € f~1(J). Hence f~1(J) is an ideal.

(b) Let]J € I*(M). Then by (a) f~1(J) is an ideal.
Now let € f~1(J) . Then f(x) € J. Since J is p-ideal
(f(x))" € J. This implies f(x*) € J. Hence x** €
F7L() . Thus £1() € I*(L). 0

4. Induced Epimorphisms

Let f:L > M be an epimorphism. Define F:I*(L) -
I'M) by F(I)=f() and F~L:I*(M) - I*(L) by
Fr(D) =)

The map F is called an induced map of f and the map
F~1is called a reverse induced map of f.
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Theorem 4.1. If f:L — M be an epimorphism, then the
induced map F:1*(L) - I*(M) is a lattice epimorphism.

Proof. LetI,] € I*(L). Then by Lemma 3.3,
FUn )= FWUNF())

and
FAY))=F()YF().

Now let J € I*(M). Since f is epimorphism, by the

Theorem 3.4, F~'(J) € I*(L) and F(F~1())) =
fEa) =17 .

Let f:L - M be a homomorphism. The kernel of f is
denoted by ker f and defined by

kerf ={x€ LI f(x) =0}

Lemma 4.2. If f:L - M is a homomorphism, then
ker f is a p-ideal.

Proof. Let x,y € ker f. Then f(x),f(y) =0 and
hence

fxvy) =f@)Vfy)=0v0=0.

This implies x vy e ker f. Now let x € ker f and
t €L with t <x. Then f(t) < f(x) =0 and hence
f(t) = 0. Soker f is an ideal. Next let x € ker f. Then
f(x) = 0. Now

Fexr™) = (F))" = (0)™ = 0. So x™* € ker f. Thus,
ker f is a p-ideal. 0

The set of all p-ideals of a p-algebra L that contains
kerf is denoted by I¢(L). If kerf = {0}, then clearly,

(L) = I"(L).

Theorem 4.3. If f:L - M is an epimorphism, then
IF(L) = I"(M).

Proof. Clearly the map F:I;(L) » 1"(M) defined
above is a one-one lattice homomorphism. Let J €
I"(M). Then by Theorem 4.1, there exists A € I"(L)
such that ] = F(A). Now let x € ker f. Then f(x) =
0 € J.Sox € A,thatis, ker f € A. Hence F is onto. []

Now we have the following important result.

Theorem 4.4. Let f:L — M be an epimorphism. Then
forany I € I*(L), we have

IVker f = F7YF(D).

Proof. Let x e I Y ker f. Then x < (i* Aj*)* for some
i € T'and j € ker f. This implies

f@) < FGA Y
= (fG*AjM)
= (FGV )Y
= (FG V)™
=(FOVIR)”

=(f@)", since f(j) = 0

=f@i™) e fU) =F(),asIisap-
ideal. Hence x € F~*F(I).

Conversely, let x € F7F(I). Then f(x) = f(i) for
some i € I. This implies f(x) < £(i*) = (") and
hence f(xAi") =f)Af(@{I)=0. Thus xAi*€
ker f. Now X<x <A =WAUAA
x)*)* implies x € I ¥ ker f.

Hence I Y ker f = F1F (). 0

If fiL—>M is an epimorphism, then we have
F:I"(L) - I"(M) is a lattice epimorphism. Next result
gives us an equivalence condition of F to be an
epimorphism:

Theorem 4.5. If f:L — M is an epimorphism then the
following are equivalent:

(@) F:I"(L) » I"( M) is an epimorphism;
(b) ker f is a principal ideal.
Proof. (a) = (b). LetI = ker f. Then by Theorem 4.4,

F(I'vyD) = (F (F—l(F(I*)))) =FU") =fU")
=f(D)" =] =M.
Since F is an epimorphism, I ¥ I* = L. Hence

I* is the complement of I in I*(L). By Theorem 3.2, I is
principal.

(b) = (a). By Theorem 4.1 we have Fis a lattice
epimorphism. To show that F is an epimorphism we
only need to show that for every I € I*(L), F(I") =
F(I)*. Letx € F(I*). Then x = f(y) for some y € I".
Soy*™ Ai=0foralli e[ Thisimplies forall i € I we
have

fOTAD)=fODIANFO=FfO)"Af(@{H) =0.
Thus f(y) € f(I)* = F(I)*. So F(I*) € F(I)".

Conversely, let x € F(I)*. Then x™ A f(i) = 0 for all
i €1 This implies x A f(i) <x™ Af(i)=0. Now
x € M implies that x = f(z) for some z € L. So we get
f@Af(@)=f(zAi)=0. Thus zAi € ker f. Since
ker f is a principal ideal we have ker f = (t**] for
somet € L.

Now forall i € I,
ZAP St
= zZAIAt" =0
>CZAIAL)"=0
= ZAttYTAT=0
=> ZAt)Y"AI=0
= zAtT e
Since t € ker f, we have

fEAt)=f@AfE) =Ff@DA(FB)
=f()A1=f(2) =x



So x € F(I*). Thus F(I") = F(I)*. This completes the
proof. 0

The following result is due to [6].

Theorem 4.6. Let L be a p-algebra. Then the following
conditions are equivalent:

(a) Every ideal is a p-ideal;
(b) Every principal ideal is a p-ideal;

(c) L is a Boolean algebra. 0

It is well known that the set S(L) = {x™ | x € L} of
closed elements of a p-algebra L form a Boolean algebra
S(L) =(S(L); A, u, *, 0,1) where for any a,b €
S(L),aub= (@ Ab")".

Finally we close the paper with the following result.

Theorem 4.7. For any p-algebra L, we have

I*(L) = I(S(L)).
Proof. Since S(L) is Boolean, by Theorem 4.6 we have
I"(S(L)) = I(S(L)). Let g:L — S(L) be the Glivenko
epimorphism defined by g(x) = x**. Then by Theorem
4.3, Ir (L) = I"(S(L)). Now since ker g = {0}, we have
Iz (L) = I"(L). Hence I" (L) = I(S(L)). O
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