SUST Journal of Science and Technology Vol 35(1) 2025, 16-22

d

journal homepage: https://journals.sust.edu

SUST Journal of Science and Technology !i _iT

SUST JOURNAL OF
SCIENCE AND TECHNOLOGY

Modification of Heisenberg’s Uncertainty Relation for a Damped
Harmonic Oscillator under the Generalized Uncertainty Principle

1

P. Karmaker®!, S.B. Faruque

Department of Physics, Shahjalal University of Science and Technology, Sylhet — 3114, Bangladesh

ARTICLE INFO ABSTRACT

Keywords:

Modification
Operators
Uncertainty Product
Time evolution

Damped Harmonic

We investigate the effects of the Generalized Uncertainty Principle (GUP), which intro- duces
a fundamental minimal observable length, on the quantum dynamics of a damped harmonic
oscillator. By incorporating a modified Heisenberg algebra into the framework, we derive the
altered uncertainty relations for damped quantum systems and examine their dependence on
the discrete energy spectrum. Our analysis reveals significant devia- tions from the standard
Heisenberg uncertainty relation, demonstrating that the presence of a minimal length scale fun-
damentally modifies the quantum-classical correspondence in dissipative systems. We present

GUP explicit expressions for the modified uncertainty relations and discuss their physical implications
for quantum measurements in damped oscillatory systems. These results contribute to our un-
derstanding of quantum mechanics at length scales approaching the Planck regime and provide
testable predictions for experimental verification of GUP effects in dissipative quantum systems.

1. Introduction

The quantum harmonic oscillator is a fundamental sys-
tem that forms the basis for under- standing a wide range
of physical phenomena. When dissipation is introduced [1],
the system is described as a damped harmonic oscillator,
which requires careful treatment in the quantum domain
due to the non-conservative nature of the dynamics. The
correspond- ing uncertainty relations follow directly from
the canonical commutation relations [2], which are defined
by the Heisenberg algebra.

Recent developments in quantum gravity and related ap-
proaches indicate that the Heisenberg algebra may be mod-
ified at very small length scales [5].

2. Operator Formalism of the Simple Harmonic Os- cilla-
tor

The Hamiltonian of the harmonic oscillator can be writ-
ten as .

A~ D 1,

H=—+-mw
2m 2

where the spring constant has been expressed as k = maw?

and m is the mass of oscillating particle and w is the angular

frequency. One may feel the tempting urge to factorize this

Hamiltonian and write it as [4]

%2 (1)
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but a problem immediately arises. In quantum mechanics,
the operators X and p do not commute. Consequently, mul-

tiplying out the brackets in the above expression does not
reproduce H exactly, but instead yields

1o oo b\ L \_1 o0 P i
me <x+mwp)(x mcup)_mex+2m+2[x’p]
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where
[X, Pl = Xp — px = ih (4)

is the canonical commutator of the position and momentum
operators. The right-hand side of Eq. (3) is therefore equal
to H — hw/2, which differs from H by the subtraction of the
zero-point energy.

The factorization can thus be made consistent, and we
observe that the operators

()E—LA) and <2+LA)
mcop mcup
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play a central role. Since X and p are Hermitian opera-
tors, these two operators are adjoints of each other and are
therefore not themselves Hermitian. As a result, they do
not correspond to physical observables.

We introduce the ladder operators d and a', defined with
a normalization factor chosen for later convenience:

h= . [ M9 (s R
=\ (x+ mcup) ©)
At = /@<A_LA>
¢ 2h * mcup ©)

These definitions can be inverted to express the position
and momentum operators in terms of @ and a':

%= %(amﬂ) (7)
p=—i h%(a-a*) (8)

3. Ladder Operators for the Damped Harmonic Oscillator

We now consider the case of the damped harmonic oscil-
lator. The Hamiltonian corresponding to damped harmonic
motion is the Caldirola-Kanai (CK) Hamiltonian [1], which
is given by

U PR S ye

H=1—c7 4 —ma?fe.

T + S mwX%e 9)

Where, ¥ is the damping constant. As in the case of the
simple harmonic oscillator, the CK Hamiltonian can be fac-

torized as
1, e > ( ie™?! )
—mw?e’ (£ — —p| (2 + H 10
2 ( maw P maw p (10)

which leads to
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In complete analogy with the simple harmonic oscillator,
we can now define the annihilation and creation operators
for the damped harmonic oscillator as

at) = % (eV‘/ch + ﬁe—”/z p) (12)
at() = ’;’—;L” <eﬂ/2fc - ﬁe—m p) (13)

The ladder operators for the damped harmonic oscillator ex-
plicitly contain exponential time-dependent factors. This
time dependence arises from the Caldirola-Kanai Hamil-
tonian, which itself is explicitly time dependent. Conse-
quently, the position and momentum operators are effec-
tively modified by the damping factor. In the next section,
we shall determine the corresponding operators when the
Generalized Uncertainty Principle is applied.

4. Introduction to GUP in the Quantum Operators for
Harmonic Motion

Usually, the commutation relation between the quantum
operators Qi and py is given by [3]

[chx’ pk/cx’] =ih 5kk’ 50{0{’ (14)

We now assume the presence of a Generalized Uncer-
tainty Principle (GUP) that introduces a minimal observable
length, but no minimal observable momentum. In this case,
the modified commutation relation takes the form

[Qkou pk/a/] = ih 5kk’5aa/ (ﬂ + ﬁpia) (15)

where [ denotes the identity operator and § is a positive
constant related to the existence of a minimal observable
length.

For a single degree of freedom, the above relation reduces
to the simpler form

[%,p] = in(1 + Bp?) (16)

This modified commutation relation leads directly to the
generalized Heisenberg uncertainty relation

AxAp > g [1+B(Ap)?] (17)

where f is assumed to be positive and independent of Ax
and Ap. The above inequality implies the existence of a
minimum measurable length determined by the parameter
B.

Such generalized uncertainty relations have appeared
naturally in several approaches to quantum gravity and
string theory, based on the premise that a fundamental min-
imal length should be described quantum mechanically as
a minimal uncertainty in position measurements.

At this stage, an important question arises: how should
one define the Fock space in the presence of a GUP? By def-
inition, the Fock space construction relies on creation and
annihilation operators. However, in this modified frame-
work, the usual definitions of these operators in terms of
the position and momentum operators are no longer valid,
since they do not reproduce the modified commutation re-
lations.

We therefore consider a generalized form of the annihi-
lation and creation operators:

a= \/ﬁ (mex +i[p + f(P)]) (18)

af = —— (g —i[p+ )] (19

2hmw
where f(p) is an unknown function of the momentum oper-
ator. This function is required to satisfy certain conditions,
which will be specified in the following discussion. The
function f(p) introduced above is required to satisfy the
following conditions:

(i) Inthe limit 8 — O, the usual definitions of the creation
and annihilation operators are recovered.
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(ii) For 8 # 0, the operators satisfy the modified commu-
tation relation given in Eq. (5).

(iii) The ladder operators obey the algebra

[dkou di/a/] = lh ékk/ 50(0(/ (20)

It can be readily shown that the unique function satisfying
all of the above requirements is [3]

o)

fp) = Z

2n+1 (21)

Condition (iii) ensures that the usual results associated with
the Fock space structure remain valid in the present frame-
work. In particular, the number operator can be defined as
N = a'4, and the operators @' and d retain their interpre-
tations as creation and annihilation operators, respectively.
Using the explicit form of f(p), the annihilation and cre-
ation operators may be rewritten in a compact form as

0= (mcux + (VB p)) 22)

1 i
at = mwx — — tan"'(\/B p ) (23)
\ 2hmw ( \/E ( )
Here, the operator-valued function (\/E)‘l tan_l(\/ﬁ D)

represents the series expansion

>

p+ Z gnli)l prt (24)

The position and momentum operators can also be ex-
pressed explicitly in terms of the ladder operators as

(a- a*)] (25)

£=4/=——(a+a") (26)

5. GUP-Modified Operators for the Damped Harmonic
Oscillator

During the construction of the ladder operators d and @'
for the damped harmonic oscillator, we observed that, in
comparison with the simple harmonic oscillator, the posi-
tion operator % is modified by a factor e’*/2, while the mo-
mentum operator p is modified by a factor e~7/2,

In an analogous manner, we may now define the ladder
operators for the damped harmonic oscillator in the pres-
ence of the Generalized Uncertainty Principle (GUP) as

a=./ 7)2’1_;; (e}’t/ZfC + :nwi;% tan~ (\/_ p)) (27)
at = /’;‘_;l” (eyz/z,e _ ;:;i;; tan_l(\/E p)) (28)

Subtracting Egs. (24) and (25), we obtain

e mw <2i e~rt/2 tan-
—a'=,/— an
Vo

which leads to the momentum operator

Similarly, adding Eqs. (24) and (25), we find

a+at =2,/ ";;l” erti2 (31)

which gives the position operator as

'(VB p)) (29)

o h s At

= %ey (a+a') (32)
Some mathematical analysis is required in order to calcu-
late the position and momentum uncertainties, and hence
their product, for the damped harmonic oscillator when the
Generalized Uncertainty Principle (GUP) is applied. This
allows us to examine how the Heisenberg uncertainty rela-
tion is modified.

The momentum operator obtained in the previous sec-

tion can be written as

p= L tan[—l w er’2 (a - dT)] (33)

VB

Let us define

hmwf

5 er2, A=a-af (34)

C=-—i

Using the Taylor series expansion of the tangent function,
the momentum operator becomes

p= ﬁ |cA+3(CAy + @Ay +|  69)

or equivalently,

p= L ci [1 + Lcay + Zcay + ] (36)
\/E 3 15
Squaring the momentum operator, we obtain
2
p? = (CA) [1 += (CA)2 Z(CA)“ + ] (37)

The expectation values of the momentum operator and its
square in the number state |n) are then given by

(P = = [COlAIn) + SCmI) + S|
C? . 2 . 17 . )

(B = 5 |21 + SC2mIA ) + Z5CHmldo ) |
The momentum uncertainty is defined as )
(Apn)* = (P*)n — (D)- (40)
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Substituting the expectation values of (p), and (p?),, we
obtain

CZ

B
17 6 3 2

~ 35C°(107° +19n% + 261 + 10).

2
(App)* = —(2n+1)+ §C4 32n* +2n+1)

(41)

The above expression represents the momentum uncer-
tainty for the damped harmonic oscillator under the Gener-
alized Uncertainty Principle. Similarly, the uncertainty in
position is given by

(Axn)z = <22>n - <7AC>%1 (42)

Using the position operator obtained earlier, we find

h N
2 _ —yt 2
(Axy,) S (n|A%|n), (43)
which gives
h
2 ot
(Ax,) T e "(2n+1) (44)
Therefore, "
1
2 =1t —
(Ax,) ¢ (n + 2) (45)

We now evaluate the uncertainty product of position and
momentum:

1 YiBhmew 2n? + 2n + 1
ApnAxn:h<n+§>[1+e Bzmco n?+2n+

2n+1
17432
+ _18‘% e (hmw)?x
1/2
1073 + 1912 + 26n + 10
2n+1
(46)

Clearly, by setting 8 = 0, we recover the usual Heisenberg
uncertainty relation corresponding to the simple harmonic
oscillator. In the above expression, the parameter § encodes
the effects of the Generalized Uncertainty Principle, while
the exponential time-dependent factors reflect the presence
of damping in the harmonic motion.

6. Graphical Representation of the Uncertainty Prod-
ucts

The generalized uncertainty principle (GUP) may be writ-
ten as [5]

n
AxAp 2 > [1+4B(Ap)? +7] (47)
For simplicity, we set y = 0, retaining only the 3-dependent

correction. The inequality then reduces to

Ax > g (Aip + ﬁAp) (48)

This relation represents a hyperbola-like curve in the
(Ap, Ax) plane, exhibiting a minimum uncertainty in po-
sition. The minimum occurs at

AXpin = 1B (49)

with the corresponding momentum uncertainty

Ap= (50)

<l-

o

Ax

Figure 1. Modified uncertainty relation: Ax Ap > ;(1 +B(Ap)3),
showing minimal Axy > 0.

For the damped harmonic oscillator, the minimum uncer-
tainty becomes

(Ax APl = 220+ 1) 1)

When damping is included, the correction acquires a time-
dependent factor:

AxAp 2 AN [1 + B’ Fy(n) + ... (52)

where, N = (n + %) The above expression we’ve found

from the previous section. But for graphical representation,
we will use the following expression in which Ax is a func-
tion of Ap and time, ¢

1
Ax(Ap,t) = hN(A—p + [3e7tAp> (53)
i. Time evolution of the curve

« Att =0, it reduces to the usual GUP curve.

« For t > 0, the B-term is multiplied by e?, pushing the
curve upward.

The minimal position uncertainty becomes:

(AX)in(1) ~ 28Ny B 3" (54)

and the corresponding optimal momentum uncertainty

shifts to:
1
—=yt

1
(Ap)op(t) = =€ 2" (55)
VB
ii. Graphical picture

If we plot Ap vs Ax:

. Att = 0, we have the standard curve with minimum

at (Ap = 1//B, Ax = 2AN+/B).
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« Ast grows, the curve stretches upward (larger Ax) and
shifts leftward (smaller optimal Ap).

The allowed region still lies above the curve, but the forbid-
den region widens near small Ax.

Visually, the U-shaped curve “slides up and left” with time
due to damping.

10 I
t =
= = |
-t =
67 ~
=
<
4+ |
27 -
0 | | | |
0 1 2 3 4 5

Ap

Figure 2. Time evolution of the Generalized Uncertainty Principle
curve for different values with time damping.

7. Conclusion

The final expression in section 5 reveals the uncertainty
relation for a damped harmonic oscillator under the min-
imal length consideration, which is GUP. The uncertainty
relation is no longer depends linearly on the number state
for quantum harmonic oscillator. Graphical representation
shows the variation in minimal length as time evolve. This
gives a total insight of both the time evolution of the op-
erators and the variation of the standard deviation of the
position and momentum operators with number states in a
new way.
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